Abstract. We introduce the concept of frame of multipliers in Hilbert modules over pro-C * -algebras and show that many properties of frames in Hilbert C * -modules are valid for frames of multipliers in Hilbert modules over pro-C * -algebras.
Introduction

Hilbert C
In Section 3, we introduce the concept of frame of multipliers for Hilbert modules over pro-C * -algebras and prove that any Hilbert module over a pro-C * -algebra countably generated in the multiplier module admits a standard normalised frame of multipliers. Also we show that the reconstruction formula is valid for standard normalised frames of multipliers and the existence of the frame transform. It is known that if the bounded part b(E) of a Hilbert module E over a pro-C * -algebra A is a Hilbert C * -module over b(A), and if b(E) is countably generated in the multiplier module, then E is countably generated in the multiplier module. We show that b(E) admits a standard frame of multipliers, then E admits a standard frame of multipliers. In Section 4, we introduce the notion of dual frame of multipliers and prove a necessary and sufficient condition for that two frames of multipliers are duals to each other.
Preliminaries
Let A be a pro-C * -algebra. The set S(A) of all continuous C * -seminorms on A is directed (p ≥ q if p(a) ≥ q(a) for all a ∈ A). For each p ∈ S(A), the quotient * -algebra A/ ker p, where ker p = {a ∈ A; p(a) = 0}, denoted by A p , is a C * -algebra in the C * -norm induced by p. The canonical map from A onto A p is denoted by π A p can be identified.
An element a ∈ A is bounded if a ∞ = sup{p(a); p ∈ S(A)} < ∞.
The set b(A) of all bounded elements in A is a C * -algebra in the C * -norm · ∞ . Moreover, b(A) is dense in A.
Here we recall some facts about Hilbert modules over pro-C * -algebras from [7, 12] . Definition 2.1. A pre-Hilbert A-module is a complex vector space E which is also a right A-module, compatible with the complex algebra structure, equipped with an A-valued inner product ·, · E : E × E → A which is C-and A-linear in its second variable and satisfies the following relations:
(1) ξ, η * E = η, ξ E for every ξ, η ∈ E; (2) ξ, ξ E ≥ 0 for every ξ ∈ E; (3) ξ, ξ E = 0 if and only if ξ = 0. We say that E is a Hilbert A-module if E is complete with respect to the topology determined by the family of seminorms {p E } p∈S(A) where
An element ξ in a Hilbert A-module E is bounded if
The set b(E) of all bounded elements is a Hilbert b(A)-module which is dense in E.
A Hilbert A-module E is countably generated if there is a countable set {ξ n } n in E such that the submodule of E generated by {ξ n a; a ∈ A, n = 1, 2, ...} is the whole of E.
If A is a pro-C * -algebra, then A is a Hilbert A-module with a, b A = a * b, and the set H A of all sequences (a n ) n with a n ∈ A such that ← p∈S(A) E p and E can be identified.
Given two Hilbert A-modules E and F , a module morphism
and it is adjointable if there is a module morphism T * : F → E such that T ξ, η = ξ, T * η for every ξ ∈ E and η ∈ F . Any adjointable module morphism is continuous. The set of all adjointable module morphisms from E to F is denoted by L (E, F ). For each p ∈ S(A), there is a linear map π
The vector space L(E, F ) is a complete locally convex space with respect to the topology defined by the family of seminorms
and it is a pro-C * -algebra. For p, q ∈ S(A) with p ≥ q, there is a linear map π
,p≥q is an inverse system of Banach spaces. Moreover, the complete locally convex spaces lim
Now we recall some facts about multiplier modules from [8, 13] . The set L(A, E) of all adjointable module morphisms from A to E is a Hilbert L(A)-module with the action of L(A) on L(A, E) defined by
and the inner-product defined by
Since the locally C * -algebras L(A) and M (A), the multiplier algebra of A, can be identified [12, 7] , the Hilbert L(A)-module L(A, E) can be regarded as a Hilbert M (A)-module. The Hilbert M (A)-module L(A, E) is called the multiplier module of E and it is denoted by M (E). Moreover, the topology on M (E) induced by the inner product coincides with the topology defined by the family of seminorms
for all h ∈ M (E) and for all p ∈ S(A).
identifies E with a Hilbert submodule of M (E) and then
for all h ∈ M (E) and ξ ∈ E. Moreover, if a ∈ A and h ∈ M (E), then h · a can be identified with h(a).
Definition 2.2.
A Hilbert A-module E is countably generated in M (E) if there is a countable set {h n ; h n ∈ M (E), n = 1, 2, ...} such that the closed submodule of M (E) generated by {h n · a; a ∈ A, n = 1, 2, ...} is the whole of E.
Remark 2.3. If the Hilbert
.. and for all a ∈ A, and since σ
Example 2.4. If A is a pro-C
* -algebra, then the Hilbert A-module A is countably generated in M (A), {1 M(A) } being a generating set.
Example 2.5. For any pro-C
* -algebra A, the Hilbert A-module H A is countably generated in M (H A ).
Indeed, for each positive integer n consider the linear map e n : A → H A by e n (a) = (0, ...0, a, 0, ...), the element in H A whose all the components are 0 excepts at n th component which is a. Clearly, e n is a module morphism. Moreover, e n is adjointable and e * n ((a m ) m ) = a n . Let (a n ) n ∈ H A . Since
Remark 2.6. If E is a countably generated Hilbert A-module, then E is countably generated in M (E).
In general, E is not countably generated when E is countably generated in M (E).
Example. Let A be a pro-C * -algebra which does not have a countable approximate unit. We seen that the Hilbert A-module A is countably generated in M (A) but it is not countably generated.
Frame transform and reconstruction frame
Let E be a Hilbert A-module. 
we say that {h n } n is a standard normalized frame of multipliers.
is a standard normalised frame of multipliers in E if and only if
Indeed, let ξ ∈ b(E) and let m be a positive integer. From
and [4] , we deduce that
and so {e n } n is a standard normalised frame of multipliers in H A . Proposition 3.6. Any countably generated Hilbert A-module E in M (E) admits a standard normalised frame of multipliers.
Proof. Indeed, let P :
(e n )} n is a standard normalised frame of multipliers in E p for each p ∈ S(A) [13, Corollary 3.3] . From this fact, Remark 3.3 and taking into account that π
A,E p * (P • e n ) for all n and for all p ∈ S(A) we conclude that {P • e n } n is a standard normalised frame of multipliers in E.
Theorem 3.7. ( The reconstruction formula) Let E be a countably generated Hilbert A-module in M (E) and let {h n } n be a sequence in M (E). Then {h n } n is a standard normalised frame of multipliers if and only if for all ξ ∈ E, n h n · h n , ξ M(E) converges in E and moreover,
Proof. By Remark 3.3 and [13, Theorem 3.4], {h n } n is a standard normalised frame of multipliers in E if and only if
converges in E p for all ξ ∈ E and for each p ∈ S(A), and moreover,
From this fact and taking into account that
for all ξ ∈ E, for all p ∈ S(A) and for all positive integer n, we deduce that {h n } n is a standard normalised frame of multipliers in E if and only if
converges in E for all ξ ∈ E, and moreover, ξ = n h n · h n , ξ M(E) for all ξ ∈ E.
Remark 3.8. If {h n } n is a standard normalised frame of multipliers in E, then
for each positive integer n. Therefore, {h n } n is a standard normalied frame of multipliers in E if and only if Proof. We will show that if {h n } n is a standard normalised frame of multipliers in b(E), then { h n } n , where h n is the extension of h n to an element in M (E), is a standard normalised frame of multipliers in E.
Let ξ ∈ E, p ∈ S(A) and ε > 0. Since b(E) is dense in E, there is ξ 0 ∈ b(E) such that p E (ξ − ξ 0 ) ≤ ε/3. Since {h n } n is a standard normalised frame of multipliers in b(E), there is n 0 such that
for all n with n ≥ n 0 . Then
for all n with n ≥ n 0 . This shows that n h n • h n * (ξ) converges to ξ in E for each ξ ∈ E and so { h n } n is a standard normalised frame of multipliers in E.
If {h n } n is a standard frame of multipliers in E, then
converges in E for all ξ ∈ E. From this fact and taking into account that h n , ξ M(E) ∈ A for all positive integer n, we conclude that h n , ξ M(E) n ∈ H A . Thus we can define a linear map θ : E → H A by
Moreover, θ is a continuous module morphism, since
for all ξ ∈ E and for all a ∈ A and
for all ξ ∈ E and for all p ∈ S(A).
Definition 3.10. Let {h n } n be a standard frame of multipliers in E. The module morphism θ : E → H A defined by θ (ξ) = h n , ξ M(E) n is called the frame transform for {h n } n .
Theorem 3.11. ( The frame transform) Let E be a countably generated Hilbert
A-module in M (E) and let {h n } n be a standard frame of multipliers in E. The frame transform θ is an adjointable module morphism which realizes an embedding of E onto an orthogonal summand of H A , and θ * • e n = h n for all n. Moreover,
Proof. Since {h n } n is a standard frame of multipliers in E, { π
a standard frame of multipliers in E p for each p ∈ S(A). Let p ∈ S(A). The frame
Moreover, θ p preserves the inner product and θ *
for all ξ ∈ E. Therefore θ is the frame transform for {h n } n . Moreover, θ preserves the inner product and θ * • e n = h n for all n. From
for all p ∈ S(A) and for all ξ ∈ E, we conclude that θ is an injective adjointable module morphism from E to H A with closed range. Moreover, θ ∈ b(L(E, H A ). By [5, Theorem 2.2], θ (E) has an orthogonal complement in H A , θ * is surjective and the restriction θ
Theorem 3.12. Let E be a countably generated Hilbert A-module in M (E) and let {h n } n be a sequence in M (E). Then {h n } n is a standard frame of multipliers in E if and only if there is an invertible element T in b(L(E)) such that {T • h n } n is a standard normalised frame of multipliers in E.
Proof. Suppose that {h n } n is a standard frame of multipliers in E. Let θ be the frame transform. Then θ * •θ, and so (θ
• h n } n is a standard normalised frame of multipliers in E. Conversely, suppose that there is an invertible element T in b(L(E)) such that {T • h n } n is a standard normalised frame of multipliers in
for all p ∈ S(A) and for all ξ ∈ E, and then by [4] 
for all ξ ∈ E. From these relations and taking into account that
for all ξ ∈ E, we deduce that {h n } n is a standard frame of multipliers in E.
Corollary 3.13. If b(E) admits a standard frame of multipliers, then E admits a standard frame of multipliers.
Proof. Let {h n } n be a standard frame of multipliers in b(E). By Theorem 3.12 there is an invertible element T ∈ L(b(E)) such that {T • h n } n is a standard normalised frame of multipliers in b(E). Since T • h n = T • h n ( T • h n denotes the extension of T • h n to an element in M (E) ) for each positive integer n, by Corollary 3.9, { T • h n } n is a standard normalised frame of multipliers in E, and then, by Theorem 3.12, { h n } n is a standard frame of multipliers in E, since T is an invertible element in b(L(E)).
Dual frames
Lemma 4.1. Let E be a countably generated Hilbert A-module in M (E), let {h n } n be a standard frame of multipliers in E, and let S be an invertible positive element in b(L(E)). Then {S • h n } n is a standard frame of multipliers in E.
and since {h n } n is a standard frame of multipliers in E,
Since S is an invertible positive element in b(L(E)), S * is an invertible element in b(L(E)) and then
From these facts we conclude that {S • h n } n is a standard frame of multipliers in E.
Remark 4.2. Let E be a countably generated Hilbert A-module in M (E), let {h n } n be a standard frame of multipliers in E. If θ is the frame transform of {h n } n , then, by Theorem 3.11, (θ * • θ) −1 is an invertible positive element in b(L(E)) and by
• h n } n is a standard normalised frame of multipliers in E ( the proof of Theorem 3.12) we have
.
From this fact and Theorem 3.7, we obtain
This shows that
converges to ξ.
Definition 4.3. Let E be a countably generated Hilbert A-module in M (E), let {h n } n be a standard frame of multipliers in E. We say that a standard frame of multipliers {t n } n in E is a dual frame of multipliers of {h n } n if
converges in E for all ξ ∈ E and moreover,
The standard frame of multipliers {(θ 
converges in E and moreover,
for all ξ ∈ E.
Proof. By Theorem 3.12 there is an invertible element T ∈ b(L(E)) such that {T • h n } n is a standard normalized frame of multipliers in E. By Theorem 3.7, for each ξ ∈ E,
converges in E for each ξ ∈ E, and moreover,
for all ξ ∈ E, for all p ∈ S(A) and for all positive integer n. From this fact and taking into account that
for all ξ ∈ E, we deduce that
To show that S is unique with the above properties, suppose that there is two positive invertible elements S 1 and S 2 in b(L(E)) such that for each ξ ∈ E,
for all ξ ∈ E. This implies that S 1 = S 2 and the uniqueness is proved. Proposition 4.6. Let E be a countably generated Hilbert A-module in M (E) and let {h n } n and {t n } n be two standard frames of multipliers in E with the frame transforms θ 1 and θ 2 . Then these frames of multipliers are duals to each other if and only if θ * 1 • θ 2 =id E .
Proof. First we suppose that the standard frames of multipliers {h n } n and {t n } n are duals to each other. Then (θ * 1 • θ 2 ) (ξ) , η E = θ 2 (ξ) , θ 1 (η) HA = n ξ, t n M(E) h n , η M(E) = lim = ξ, η E for all ξ, η ∈ E, and so θ * 1 • θ 2 =id E . Conversely, suppose that θ * 1 • θ 2 =id E . Let ξ. From
for all p ∈ S(A) and taking into account that n ξ, t n M(E) t n , ξ M(E) converges in A, we deduce that n h n · t n , ξ M(E) converges in A.
Since ξ, η E = (θ * 1 • θ 2 ) (ξ) , η E = n ξ, t n M(E) h n , η M(E) for all η ∈ E, we have p ξ −
